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Abstract: In this study, we have analytically considered a dislocation in three-dimensional
Weyl semimetal and its holographic model. A quantum singularity that originated in the
dislocation creates a defect in momentum space. This defect causes topologically protected
zero-energy mode bound to the quantum singularity. The defect has two aspects: First,
it prevents the formation of a topological winding number. Second, it provides another
topological number around itself. The gauge field adjusts these effects of the defect, and it
is possible to control the phase transition. Further, from holographic duality, the quantum
singularity is mapped onto a domain wall of classical gravity. We find that the domain wall
causes a violation of gauge invariance of bulk spacetime. We also demonstrate that the
quantum singularity is comparable to the anomaly from the gauge invariance breaking of
the bulk spacetime, and holographic entanglement entropy reveals the information encoded
in the defect of momentum space.
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1 Introduction
Understanding Weyl semimetals is one of the crucial quests of evolutionary topological
matters. Weyl semimetals have Weyl point or node, which is a point of contact between
two nondegenerate bands in the first Brillouin zone. Breaking of time-reversal and inversion
symmetries, and dimensionality of space contribute to the realization of a Weyl point. They
host Weyl fermion as low-energy quasiparticles [1, 2]. Weyl fermions are massless fermions
with a definite chirality among the elementary particles in nature.
For topological matters, quantum singularity plays an important role [3]. In topological
insulators, dislocation generates the quantum singularity, which forms a defect in momen-
tum space. This configuration destroys the topological number originated in base space’s
homotopic character. At the same time, a new topological number is formed around the
defect. The existence of topologically protected zero-energy mode shows the presence of
the quantum singularity. Further, by fine-tuning the magnetic flux, it is possible to adjust
the effect of the defect. From this viewpoint, we can control the phase transition.
Singularities in spacetime are established in general relativity. In general relativity,
a singular spacetime is defined by geodesic completeness. If spacetime is geodesically in-
complete, then the evolution of some test particle is not defined after the finite proper
time. In other words, the classical singularity is indicated by the abrupt ending of a clas-
sical particle path. To decide whether space is quantum-mechanically singular, we use the
criterion proposed by Horowitz and Marolf [4]. Space is quantum-mechanically nonsin-
gular if the evolution of a test particle in the space is uniquely determined by the initial
wave packet, without having put arbitrary boundary condition at the classical singularity.
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Space is quantum-mechanically singular if the spatial portion of the wave operator is not
essentially self-adjoint.
There has been another aspect of understanding topological matters. The holographic
principle had shed light on them. For example, although a strongly coupled condensed
matter system is difficult to analyze, the gravity dual phenological model gives a useful
guiding principle [5–7]. Weyl semimetals also have been analyzed from the principle [8–10].
This paper aims to provide a holographic model to describe quantum singularity. In
doing so, we start from the (3 + 1)-dimensional Weyl Hamiltonian. We can obtain the
condition in which the defect in momentum space is formed. This situation is considered
from a holographic viewpoint.
Our paper is organized as follows: In section 2, a quantum singularity in Weyl semimetal
is explained. In section 3, we consider the quantum singularity from the holographic view.
We conclude the paper in section 4.
2 Weyl semimetal
2.1 Weyl Hamiltonian
Around the Weyl nodes, quasi-particle excitations can be described by either left- or right-
handed Weyl spinors. The Nielsen-Ninomiya theorem guarantees that left- and right-
handed Weyl spinors always appear in pairs. At the Weyl points, the system is effectively
represented by 2× 2 Weyl Hamiltonian [11].
Weyl fermions can be understood from a monopole of the Berry curvature in momentum
space. Left-handed Weyl fermions have monopole charge +1, and right-handed ones have
monopole charge −1. These charges reflect the chirality of excitation [12]. We focus on chiral
fermions with positive chirality. (3 + 1)-dimensional positive chirality Weyl Hamiltonian
can be written as:
HW = σ · p =
(
p3 p1 − ip2
p1 + ip2 −p3
)
(2.1)
The Weyl equation is solved for eigenfunctions |ψ〉
HW |ψ〉 = |p||ψ〉 (2.2)
We consider the effect of dislocation on the Weyl semimetal [13, 14]:
ds2 = dt2 − dr2 − ρ2dϕ− (γBdϕ+ dz)2, (2.3)
where γB =
b
2π and b is the length of the Burgers vector.
From the following ansatz
|ψ〉 =
(
u1(ρ)
u2(ρ)
)
eiℓϕ+ikz (2.4)
we have the following equation for ui(i = 1, 2).
u′′i +
1
ρ
u′i +
(
|p|2−k2 − (ℓ− γBk)
2
ρ2
)
ui = 0, (i = 1, 2) (2.5)
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From the Eq.(2.5), the radial solutions are given as Bessel and Neumann functions:
ui(r) = C1J|ℓ−γBk|(
√
|p|2−k2ρ) +C2N|ℓ−γBk|(
√
|p|2−k2ρ), (i = 1, 2). (2.6)
However, there is a quantum singularity for a specific range of modes. Under the
following condition, self-adjoint extensions should be considered (see Appendix A). This
condition is just the same as in the Dirac particle in the dislocated metric [3].
|ℓ− γBk| < 1. (2.7)
By considering the following boundary form:
Γ(Φ,Ψ) = 〈Ψ,HΦ〉 − 〈HΨ,Φ〉, (2.8)
where H is a radial part of the Weyl equation (2.2), the self-adjoint extensions can be
confirmed. Then we consider the following form of self-adjoint extensions:
|Ψ〉 =
(
ψ1(ρ)
ψ2(ρ)
)
(2.9)
and
|Φ〉 =
(
φ1(ρ)
φ2(ρ)
)
(2.10)
where
φ1 = re
iαφ2, ψ1 = re
iαψ2; r, α ∈ R. (2.11)
If |ℓ− γBk| = 12 , i.e., ℓ = 0 and γBk = 12 is satisfied, the zero-energy bound state
has the following form:
Ψ ∼ e
−ρ+iz
2γB√
ρ
(
i, 1
)T
. (2.12)
Nevertheless, the wave-function, which is regular at ρ = 0, is not obtained.
2.2 Topological winding number
Next, a topological winding number originated in the dislocation is considered. The exis-
tence of quantum singularity requires full quantum treatment of the topological winding
number. This number characterizes the Weyl semimetal [15].
Single-particle Green’s function G˜αβ(iω,x1,x2) is defined by the Dyson’s equation∫
dx2K˜(iω,x1,x2)G˜(iω,x1,x2) = δ(x1 − x2), (2.13)
where K˜(iω,x1,x2) = [iω −H(−i∇1,x1)]δ(x1,x2) is the kernel of Green’s function. Then
G˜(iω,x1,x2) gives
G(iω,p) =
∫
drG˜(iω,x1,x2)e
−ip·r. (2.14)
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In the above expression, p is the momentum of the relative coordinate r = x1 − x2. For
the translational symmetric case, G is the matrix inverse of K, G = K−1, but in the case
of inhomogeneous systems, G 6= K−1. Topological winding number N can be defined by
N =
1
24π
∫ ∞
−∞
dp3
∫ ∞
−∞
dωεµνρσtr
(
G−1∂µGG−1∂νGG−1∂ρGG−1∂σG
)
, (2.15)
where (µ, ν, ρ, σ) run over (ω, px, py, pz) and ε is a fully antisymmetric tensor with ε
ωpxpypz =
1.
Low-energy approximation requires its momentum p lies in shell width ∆p around the
specific value, and its frequency is smaller than cut-off energy ωc. Values of ∆p and ωc do
not contribute to physical results. From this viewpoint, the domain of integration, i.e., the
base space can be set out as following Fig.1. This space is a suspension of a cylinder, and
homotopic to S3.
Accordingly, the topological winding number characterizes the homotopy of the map
G : (ω, px, py, pz) 7→ G(ω, px, py, pz) ∈ GL(n,C), where n is the number of the band, i.e.,
G(ω, px, py, pz) defines a map from the S
3 momentum space to the space of nonsingular
Green’s function. This space belongs to the group GL(n,C), whose homotopy group is
labeled by an integer: π3(GL(n,C)) = Z.
However, the quantum singularity creates the region as a kind of defect in the base
space. When calculating the topological winding number defined by equation (2.15), the
quantum singularity creates the region |ℓ − γBk| < 1 as a kind of defect in the base space
[16, 17]. The reason for this is that the region |ℓ − γBk| < 1 and the region |ℓ − γBk| > 1
correspond to different physics. From this defect, the base space does not have the S3
configuration, and the winding number cannot be defined as shown in Fig.2. Without it,
Eq.(2.15) defines a topological number.
Figure 1. Base space in low-energy approxima-
tion
Figure 2. Base space as a suspension of a cylin-
der
Although this defect prevents the formation of the topological winding number defined
by Eq.(2.15), the medium acquires new topological number given by
Nˆ =
∮
C
dl
2πi
G(iω,p)∂lG(iω,p), (2.16)
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where the above integral is taken over an arbitrary contour C enclosing the defect in the
momentum space, as shown in Fig.1. Nˆ can be said the defect winding number. In the
fermion condensate system, the vortex sheet has a similar structure defined by this topo-
logical number [16]. The phase of the Green’s function changes by 2πNˆ (Nˆ ∈ N) around
the defect, and edges of it are vortices with Nˆ1 and Nˆ2 where Nˆ = Nˆ1+ Nˆ2. Nˆ1 and Nˆ2 are
circulation quantums of the edges and integers or half-integers. Because the zero-energy
mode exists in the defect, it is protected by these vortices and topologically stable.
When magnetic field aϕ =
φ
2π is applied we have
|ψ〉 =
(
u1(ρ)
u2(ρ)
)
eiℓϕ+ikz, (2.17)
and
u′′i +
1
ρ
u′i + (|p|2−k2 −
(ℓ+ ν − γBk)2
ρ2
)ui = 0 (i = 1, 2) (2.18)
where ν = φ/φ0 where φ0 = h/e is the flux quantum. This equation shows that the value
of |ℓ+ν−γBk| determines the effect of quantum singularity. The range of modes for which
there is a quantum singularity is given as follows:
|ℓ+ ν − γBk| < 1. (2.19)
This situation is similar to without the magnetic flux. If |ℓ+ ν − γBk| = 12 , i.e., ℓ = 0 and
k = ν±1/2γB is satisfied, the zero-energy bound state is obtained as follows:
Ψ ∼ e
−kρeikz√
ρ
(
i 1
)T
, (2.20)
where (i, 1)T is constant spinor. With or without the magnetic field, there is a zero-mode
on ρ = 0. Further, it is possible to satisfy |ℓ+ ν − γBk| ≥ 1 by applying the magnetic field.
Consequently, the phase transition in Weyl semimetal can be controlled by adjusting the
gauge field (See Fig. 3).
2.3 Kinetic equation for Weyl ferminons
Considering the classical dynamics of the finite-density of fermions is quite general and
valid for the fermionic system [18, 19]. 3 + 1-dimensional positive-energy, positive-helicity
Weyl particle may be described by the action functional:
S[x,p] =
∫
dt
(
a · x˙− φ(x) + p · x˙− |p| − aˆ · p˙
)
, (2.21)
where a · x˙ is the standard coupling of the Maxwell vector potential to the velocity x˙ of
the charged particle. The momentum-space gauge field aˆ is the adiabatic Berry connection.
This gauge field is obtained from the E = +|p| eigenvector of the Weyl Hamiltonian H =
σ ·p. From the action defined by Eq.(2.21), 6+1 phase space current (ρ, ρx˙, ρp˙) obeys the
continuity equation with source:
∂ρ
∂t
+
∂(ρx˙)
∂x
+
∂(ρp˙)
∂p
= 2πE ·Bδ(p). (2.22)
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Figure 3. phase transition vs parameter ν
The last term shows the quantum effect, which injects particle number violation into the
classical description. Integrating over the momentum p, we obtain standard expression of
the electromagnetic anomaly at zero temperature.
∂n
∂t
+∇ · j = 1
4π2
E ·B, (2.23)
where n =
∫
ρ d
3
p
(2π)3
and j =
∫
ρx˙ d
3
p
(2π)3
. In this calculation, singular point p = 0 is excluded.
If we consider the dislocated media described in Eq.(2.3), we have to take the torsion
tensor and Euler-Lagrange equation into consideration [20, 21]:
T = 2πγBδ
2(ρ)dρ ∧ dφ, (2.24)
and
d
dt
( ∂L
∂x˙µ
)
− ∂L
∂xµ
= T νµλx˙
λ ∂L
∂x˙ν
. (2.25)
The torsion generates the following effective magnetic field acting on quasiparticle:
B = Tµ(pµ + aˆµ), (2.26)
where (Tµ)ν = 12ε
νλρT µλρ includes the two-dimensional delta function. Even integrating
the corresponding continuity equation over the momentum p, it is not possible to remove
the infinity originated from delta-function defined at the coordinate. However, from the
Eq.(2.26), ρ = 0, i.e., the quantum singularity gives the quantum input for this system.
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We take advantage of the defect generated from the quantum singularity. From the
discussion in §2.2, the nature of the defect shows that the particles can be created or de-
stroyed on the defect in momentum space. As a result, the phase space continuity Liouville
theorem can be broken by the defect. So the phase space measure is not conserved, and
the following effective equation can be obtained:
∂n
∂t
+∇ · j = IDefect, (2.27)
IDefect shows that anomaly from the defect. The existence of the defect in the momentum
space causes the anomaly followed by the phase transition (See Fig. 3).
3 Probe fermion on the holographic Weyl semimetal
3.1 Gauge invariance and anomaly
To understand quantum singularity in Weyl semimetal, we analyze it from the viewpoint
of holography. We consider the theory, not on four-dimensional Minkowski spacetime, but
the dislocated line element [22]:
ds2 = dt2 − dr2 − ρ2dϕ− (γBdϕ+ dz)2. (3.1)
We consider the five-dimensional Einstein-Hilbert action given by
S =
∫
d5x
√−g(R+ 12) (3.2)
where we have set 16πG = 1 and fixed the cosmological constant to be Λ = −6. The
equation of motion is given by
Rµν = −4gµν (3.3)
The metric ansatz for the solution that we shall consider is given by
ds2 = G(r)F 2(r)dt2 −G(r)−1dr2 −H2(r)dρ2 − r2
(
ρ2dϕ+ (γBdϕ+ dz)
2
)
(3.4)
where F (r), G(r), H(r) are functions of the radial coordinate r.
Substituting the ansatz into Eq.(3.3), the following systems of equations are obtained:
1
2rH
(
rFG′′H+2rF ′′GH+rFG′H ′+3rF ′G′H+2rF ′GH ′+2FG′H+4F ′GH
)
= 4F (3.5)
1
2rFH
(
rFG′′H + 2rF ′′GH + 2rFGH ′′ + rFG′H ′ + 3rF ′G′H + 2FG′H
)
= 4 (3.6)
−rH ′ +H
rρH
= 0 (3.7)
1
rF
(
rFGH ′′ + rFG′H ′ + rF ′GH ′ + 2FGH ′
)
= 4H (3.8)
1
FH
(
rFG′H + rFGH ′ + rF ′GH + FGH
)
= 4r2 (3.9)
– 7 –
From these equations, we have the following:
F = Const, G = r2 − Const
r2
, H = r. (3.10)
The above conditions give zero temperature or finite temperature solutions:
ds2 = r2{dt2 − dρ2 − ρ2dϕ2 − (γBdϕ+ dz)2} − 1
r2
dr2, (3.11)
or
ds2 = (r2 − r+
r2
)dt2 − dr
2
r2 − r+r2
− r2{dρ2 + ρ2dϕ2 + (γBdϕ+ dz)2}. (3.12)
To probe the dual fermion of holographic Weyl semimetal, we shall focus on the zero-
temperature physics. A Weyl semimetal breaks either time-reversal or inversion symmetry.
For a holographic Weyl semimetal, we consider an axial gauge field in bulk: the axial
gauge field Aµ corresponding to the time-reversal symmetry breaking operator whose source
intends to separate one Dirac node into two Weyl nodes.
The axial potential Aµ breaks the time-reversal symmetry while conserves the ax-
ial symmetry. In five dimensions, a bulk four-component spinor corresponds to a two-
component chiral spinor of the dual four-dimensional field theory. For positive chirality on
the boundary, the bulk mass term must be positive [23]. The action for Dirac spinor is
given as follows [24]:
S =
∫
d5x
√−gΨ¯(iγµ∂µ + iγµΓµ −m− iAµ)Ψ, (3.13)
where
γµΓµ = γ
aΓˆ(a) + Γˇ, Γˆ(a) =
1
2
(∂µe
ν
a + e
ρ
aΓ
µ
ρµ); Γˇ =
−1
4
{γa, S(b)(c)}e(a)µe(b)ν∂µe(c)ν . (3.14)
Note that the coupling constant in front of Ar is opposite for the two spinors. We use
the following convention of Γ-matrices
γ(0) =
(
σ3 0
0 −σ3
)
, γ(1) =
(
0 iσ0
iσ0 0
)
, γ(2) =
(
iσ2 0
0 −iσ2
)
,
γ(3) =
(
−iσ1 0
0 iσ1
)
, γ(4) =
(
0 σ0
σ0 0
)
. (3.15)
The equations of motion are
(
iγµ∂µ + γ
µΓµ −m− iAµ
)
Ψ = 0, (3.16)
where Aµ = Ar(r) with Ar → A0(constant) as r → ∞. We expand the bulk fermion field
as
Ψ =
(
ψ1
ψ2
)
. (3.17)
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Then we have the following equations:
( iσ3
r
∂t +
iσρ
r
∂ρ +
iσϕ
rρ
(∂ϕ − γB∂z)
)
ψ1 + (−r∂r − irAr + i
r
∂z − A˜σ0 + B˜σ3)ψ2 = 0
(−r∂r − irAr − i
r
∂z + A˜σ0 − B˜σ3)ψ1 +
(
− iσ3
r
∂t − iσρ
r
∂ρ − iσϕ
rρ
(∂ϕ − γB∂z)
)
ψ2 = 0
where σρ = iσ2 cosϕ − iσ1 sinϕ, σϕ = −iσ2 sinϕ − iσ1 cosϕ, A˜ = γB(9+(−9+ρ)ρ) sinϕ18rρ2 and
B˜ = iγB cosϕ2r (1 +
1
ρ).
By the following ansatz
ψ1 =
(
u1(ρ)U1(r, ρ)
u2(ρ)U2(r, ρ)ie
iϕ
)
e−iEt+iℓϕ+ikz , ψ2 =
(
v1(ρ)V1(r, ρ)
v2(ρ)V2(r, ρ)ie
iϕ
)
e−iEt+iℓϕ+ikz ,
(3.18)
We have the following equations for zero-modes.
(∆ℓ−γBk − k2)u1 = (∆ℓ−γBk − k2)v1 = 0
(∆ℓ+1−γBk − k2)u2 = (∆ℓ+1−γBk − k2)v2 = 0, (3.19)
where ∆t = ∂
2
ρ +
1
ρ∂ρ− t
2
ρ2
. These equations are same as Eq.(2.5) which describes the Weyl
fermion on the boundary.
From this
Ψ ∼ e
−kρe
−i(ℓ+12 )z
γB√
ρ
(
i, −eiϕ, i, −eiϕ
)T
. (3.20)
Also,(
r2∂2r+2r(1+B˜+iArr)∂r−r2A2r−η˜−−η˜+η˜−−2irAr(1−B˜)−ir2∂rA−M2
)
U1+M(1+2B˜)V1 = 0,
(3.21)(
r2∂2r+2r(1−B˜+iArr)∂r−r2A2r−η˜−−η˜+η˜−−2irAr(1−B˜)−ir2∂rA−M2
)
U2+M(1−2B˜)V2 = 0,
(3.22)(
r2∂2r+2r(1−B˜+iArr)∂r−r2A2r−η˜−−η˜+η˜−−2irAr(1+B˜)−ir2∂rA−M2
)
V1+M(1−2B˜)U1 = 0,
(3.23)(
r2∂2r+2r(1+B˜+iArr)∂r−r2A2r−η˜−−η˜+η˜−−2irAr(1+B˜)−ir2∂rA−M2
)
V2+M(1+2B˜)U2 = 0,
(3.24)
where η˜± =
γB(9+(−9+ρ)ρ) sinϕ
18rρ2
± iγB cosϕ2r . From these equations, near the boundary r →∞,
U1, U2, V1, and V2 only depend on r. As a result, the Dirac fields behave as
Ψ ∼ r− 12


a1 + · · ·
a2 + · · ·
a3 + · · ·
a4 + · · ·

 (3.25)
Quantum singularity in the boundary is reproduced in bulk. It is a region where
fermions on the bulk are bound to the ρ = 0. It is possible to consider the five-dimensional
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theory by action S = S0 + SCS where [8, 25]
S0 =
∫
L0d
5x =
∫
−1
4
FµνF
µνd5x, SCS =
∫
LCSd
5x =
∫
c
3
εαβηµσAαFβηFµσd
5x.
(3.26)
If we consider a gauge transformation:
Aµ → Aµ + ∂µθ, (3.27)
L0 is strictly invariant. On the other hand, the following relation can be derived for SCS :
SCS → SCS + c
3
∫
d5xεαβηµσ∂αθFβηFµσ = SCS +
c
3
∫
ρ=0
d4xεβηµσθ(ρ = 0)FβηFµσ (3.28)
This surface term comes from that the domain wall, which hosts the zero-mode at ρ = 0
represented by the following.
−1
32π2
εµνρσFµνFρσ = ΣΨ¯γ
5Ψ (3.29)
where Ψ is zero-mode [26, 27].
Accordingly, the zero modes exist in ρ = 0; the action has shifted by the surface terms.
This correspondence is similar to anomalies that can occur due to brane localized fermions
[25, 28]. Then the theory is no longer gauge-invariant. The quantum singularity maps into
the gauged bulk as a domain wall along the AdS radial direction.
Conversely, if the gauge invariance is violated in the bulk spacetime, we have the
following relation. From the holographic view, we consider the gauge field in bulk Vµ, where
Vµ(x, ǫ) = aµ(x)(µ = 0, 1, 2, 3); aµ stands for the gauge field on the boundary. Furthermore,
ǫ is the UV cut-off. Under a gauge transformation:
Vµ → Vµ + ∂µθ, (3.30)
the integrand is not gauge-invariant:∫
Vµ=aµ,V5=v
DVµexp
(
iS[Vµ]
)
6=
∫
Vµ=aµ+∂µθ,V5=v+∂µθ
DVµexp
(
iS[Vµ]
)
(3.31)
We consider the effect caused by this gauge field from the holographic view. From the
AdS/CFT correspondence,
〈exp
(∫
d4xiJµa
µ
)
〉boundary’ =
∫
Vµ(x,z0)=aµ(x),V5(x,ε)=v
DAµexp
(
iS[Vµ]
)
. (3.32)
The boundary’ corresponds to UV cut-off.
From the Eq.(3.31) and Eq.(3.32), the gauge transformation on the bulk generates the
variation of the boundary term:
〈exp
( ∫
d4xiJµa
µ
)
〉boundary’ → 〈exp
(
i
∫
d4xiJµa
µ
)
〉boundary’
(
i∆
)
(3.33)
Due to the gauge invariance breaking, the phase of the partition function of the boundary
changes. This process can be considered as an anomaly production of the boundary. If this
anomaly cancels that on the boundary, we can say that the phase transition proceeds.
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3.2 Holographic entanglement entropy
In §2, we consider that the defect in the momentum-space causes phase transition. The
information encoded in the defect in the momentum space is crucial for understanding the
phase transition. We focus on the information encoded in dislocation. In the following, we
utilize holographic entropy formula: In the AdS/CFT correspondence, the entanglement
entropy for a region A is obtained from the minimal surface γA in bulk geometry, which
ends at ∂A [29].
SA =
Area(γA)
GN
(3.34)
where GN is the bulk Newton constant.
Figure 4. Holographic entanglement entropy
We consider the holographic entanglement entropy for dislocation located in ρ = 0 at
the boundary, and subsystem A is a segment located ρ = 0 with the length L. In five-
dimensional spacetime, γA is a one-dimensional curve. In the constant time slice t = 0, two
points P and Q are represented by the coordinate in Eq.(3.11) as follows:
P : (t, r, ρ, ϕ, z) = (0, ǫ, 0, ϕP , zP ),
Q : (t, r, ρ, ϕ, z) = (0, ǫ, 0, ϕQ, zQ), (3.35)
where ǫ is the UV cut-off, and zQ − zp = L. To calculate the geodesic distance, we start
from that the Eq. (3.11) can be obtained from the following procedure. Five-dimensional
Anti-de Sitter space AdS5 is defined as the quadric
−X20 −X25 +X21 +X22 +X23 +X24 = 1, (3.36)
embedded in a flat 6-dimensional space with the metric
ds2 = −dX20 − dX25 + dX21 + dX22 + dX23 + dX24 , (3.37)
– 11 –
which is a hyperboloid embedded in a Minkowski space.
From the above equations, we can get the Eq.(3.11) by defining the coordinates as
follows:
X0 = rt,
X1 = rX,
X2 = rY,
X3 = rZ,
X4 =
1
2r
(
1− r2{1−X2 − Y 2 − Z2 + t2}
)
,
X5 =
1
2r
(
1 + r2{1−X2 − Y 2 − Z2 − t2}
)
, (3.38)
where X = ρ cosϕ, Y = ρ sinϕ and Z = z + γBϕ. By use of an affine parameters τ1, τ2,
geodesic distance is given by the following [30]:
u(τ1) · u(τ2) =−X0(τ1)X0(τ2)−X5(τ1))X5(τ2) +X1(τ1)X1(τ2)
+X2(τ1)X2(τ2) +X3(τ1)X3(τ2) +X4(τ1)X4(τ2) (3.39)
where u(τ1) = (X0(τ1),X1(τ1)X2(τ1),X3(τ1),X4(τ1),X5(τ1)), and
u(τ2) = (X0(τ2),X1(τ2)X2(τ2),X3(τ2),X4(τ2),X5(τ2)). From the coordinate in Eq. (3.11),
we calculate the geodesic distance.
Then we have
u(τ1) · u(τ2) =
(
1 + ǫ2(z1 + γBϕ1)(z2 + γBϕ2){((z1 + γBϕ1)(z2 + γBϕ2)) + 1}
)
, (3.40)
where zi = z(τi) and ϕi = ϕ(τi) for i = 1, 2. In the above expression, z+γBϕ is correspond-
ing to the ℓ− γBk in Eq.(2.7). Then the information of the defect in momentum space can
be evaluated in the bulk spacetime.
4 Conclusion and discussion
In Weyl semimetal, quantum singularity creates the defect in the momentum space. This
defect prohibits the formation of winding number in momentum space. At the same time,
a new winding number around the defect is generated. The kinetic equation reveals that
the defect generates an anomaly that can be adjusted by the gauge field.
From the holographic viewpoint, the quantum singularity is reproduced in bulk space-
time as a domain wall where gauge invariance is violated. The violation of gauge invariance
on the bulk corresponds to the anomaly in the boundary. This result shows that the effect
of quantum singularity on the boundary is comparable to the anomaly.
The gauge field does not change the zero temperature physics and entanglement en-
tropy. From this fact, the phase transition is an isentropic process.
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A Quantum singularity
Screw dislocated media are described has a quantum singularity. [13, 14]:
ds2 = −dt2 + dr2 + ρ2dϕ+ (γBdϕ+ dz)2, (A.1)
On Hilbert space H, the inner product is defined among linear mappings [? ]. If an
operator Oˆ :→ H with the domain of definition D(Oˆ) defined in H satisfies
〈φ, Oˆψ〉 = 〈Oˆφ, ψ〉 for ∀φ,ψ ∈ D(Oˆ), (A.2)
then Oˆ is called symmetric or Hermitian. An operator Oˆ′ is called an extension of Oˆ if
D(Oˆ) ⊂ D(Oˆ′) and Oˆ′ψ = Oˆψ, ∀ψ ∈ D(Oˆ). By selecting the boundary condition on D(Oˆ),
extensions are obtained.
For a symmetric operator Oˆ, D(Oˆ∗) is defined as a set of all φ ∈ H for which there
exists a η ∈ H such that
〈φ, Oˆψ〉 = 〈η, ψ〉 ∀ψ ∈ D(Oˆ). (A.3)
An operator (Oˆ∗,D(Oˆ∗)) defined by Oˆ∗φ = η for every φ ∈ D(Oˆ∗) is called adjoint of
(Oˆ,D(Oˆ)). Further, (Oˆ∗,D(Oˆ∗)) = (Oˆ,D(Oˆ)) is said to be self-adjoint. If the closure of
closable symmetric operator is self-adjoint, then it is called essentially self-adjoint. In this
case, the operator has a unique self-adjoint extension.
To determine the number of self-adjoint extensions, we can use deficiency indices [31].
The deficiency subspaces N± are defined as follows. Let Oˆ be closed, symmetric operator.
The deficiency subspaces are defined to be
N± = {ψ ∈ D(Oˆ∗), (Oˆ∗ ∓ i)ψ = 0}. (A.4)
The deficiency indices are n± = dim N±.
Theorem
Let Oˆ be a closed symmetric operator with deficiency indices n+ and n−. Then
(a) Oˆ is essentially self-adjoint if and only if n+ = 0 = n−.
(b) Oˆ has self-adjoint extensions if and only if n+ = n−. There is a one-one correspondence
between the self-adjoint extension of Oˆ and unitary maps from N+ onto N−.
(c) If either n+ = 0 6= n− or n− = 0 6= n+, then Oˆ has no nontrivial symmetric extensions
(such operators are called maximal symmetric)
A point is quantum singular if the spatial portion of any component of the operator
fails to be essentially self-adjoint at the point [32].
Essentially self-adjointness for radial equation Eq.(2.5)
To determine the operator Oˆ of these equations is essentially self-adjoint or not, the
following two solutions (Oˆ ± i)Φ = 0 are considered.
R′′j +
1
ρ
R′j +
(
± i− λ− τ
2
ρ2
)
Rj = 0; j = 1, 2. (A.5)
We need to consider the behavior of R(ρ) for large ρ and small ρ . As ρ→∞, the final
term in Eq. (A.5) can be neglected. The asymptotic solutions can then be written in the
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following form:
R ∼ 1
ρ
(C1e
χρ + C2e
−χρ) (A.6)
where χ = 1√
2
(
(
√
1 + λ2+λ)1/2∓ i(√1 + λ2−λ)1/2
)
. Clearly, the solution (A.6) is square
integrable at infinity if and only if the coefficient C1 = 0.
When considering the behavior of R(ρ) near ρ = 0, (±i − λ) of Eq.(A.5) can be
neglected. The square integrability near ρ = 0 involves the behavior of the integral∫ ρ
0
dρ
√
gR2 =
∫ ρ
0
dρρR2 (A.7)
for small ρ.
If τ = 0, the integral converges for both solutions R ∼ constant and R ∼ logρ.
If τ 6= 0:
(i) R ∼ ρ|τ | the integral is ∫ dρρ2|τ |+1 = ρ2|τ |+22|τ |+2 which converges;
(ii)-1 R ∼ ρ−|τ | the integral is ∫ dρρ−2|τ |+1 = ρ−2|τ |+2−2|τ |+2 for τ 6= 1, and
(ii)-2 R ∼ ρ−1 the integral is ∫ dρρ−2|τ |+1 = logρ for τ = 1.
Therefore |τ | < 1, both solutions are square integrable near the origin and there exists
a square-integrable solution at infinity. Then the operator is not essentially self adjoint,
and the solutions are quantum singular. For |τ | ≥ 1, there is no solution that is square
integrable overall space, and the operator is essentially self adjoint, so the solutions are
quantum nonsingular [32, 33] .
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